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Abstract. A two-band model that reproduces the Fermi surface seen in angle-resolved photo-
emission experiments is used to study the symmetry of the order parameter of doped YBa2Cu3O7.
The model incorporates the effects of tunnelling in thec-direction between the planes and chains
in YBCO. It is observed that a suitable choice of the phases of the symmetric pair wave-function
in the planes and chains leads to both s- and d-wave-like features. We calculate the mean-field
phase diagram of this system, observe the shift in the position of the node(s) of the order
parameter(s) on the Fermi surface with doping and try to reconcile the seemingly contradictory
experimental observations as regards the presence of features that resemble s-wave and/or d-
wave symmetry. The effect of the leading-order, two-dimensional fluctuations on the mean-field
transition temperature is shown to be small.

1. Introduction

The nature of the symmetry of the order parameter (OP) for the high-Tc cuprates has
occupied centre stage in high-Tc research of late. An understanding of this would shed
considerable light on the microscopic interactions that lead to superconductivity in these
unusual systems. Broadly speaking, there are four different classes of experiments that
probe the symmetry of the OP.

(i) Transport and thermodynamic measurements, notably of the temperature dependence
of the penetration depth (λ) [3], which show a linear temperature dependence ofλ, indicate
that at low energies the density of superconducting states (SDOS) varies linearly with energy
in pure samples, a signature of gapless excitations.

(ii) ARPES experiments [4], which show a node (with a small offset) along the(π, π)

direction of the Fermi surface (FS) of YBa2Cu3O7.
(iii) Josephson measurements: the magnetic field dependence observed in dc SQUIDs

[5, 6] predicts aπ phase shift consistent with the d-wave scenario. Conversely,c-axis
Josephson tunnelling [7] between twinned and untwinned YBa2Cu3O7 and a Pb junction
finds a Josephson current, though small, indicative of a symmetric OP. The critical current
between a hexagonal grain and its surroundings is found to be non-zero [8] and to scale
with the number of sides engaged, consistently with the presence of a conventional s-wave
component.
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(iv) The sensitivity of the superconducting transition temperature to elastic scattering is
too weak (it obeys, instead, the Ioffe–Regel criterion,kf l = 1) to conform to the behaviour
of a pure d-wave symmetry [9].

Importantly, YBCO is orthorhombic and not tetragonal; an admixture of s and d components
is thus unavoidable [10]. It thus appears that the existence of a node on the FS is more or
less established; what is not agreed upon yet is its origin.

In view of this conflict, it is useful to look for models that (a) incorporate the essence of
the band structure of the system concerned and (b) reproduce many of the experimentally
observed features. A model for studying superconductivity in two coupled bands was
used earlier by Suhlet al [11]. Recently a similar model has been used by Combescot
and Leyronas [12]. We study the model in detail and show that it is indeed possible to
reproduce many of the observed features of the OP without explicitly considering a d-wave
pairing function, and that features consistent with both d and s waves are obtainable with
a suitable choice of the relative phase of two isotropic pairing functions residing primarily
on the plane- and chain-derived bands.

Figure 1. The two sheets of the FS are shown in the first quadrant of the BZ. The dotted (solid)
line corresponds toε− = 0 (ε+ = 0). The filled circles show the positions of the nodes of the
OP on the FS forx = 0.9. The variations of the node positions on the FS with doping (x) are
shown in the inset.

2. The model, calculations and results

We consider the following Hamiltonian:H = H0+HI , where

H0 =
∑
kσ

[εkc
†
kσckσ + ε′ky d

†
kyσ
dkyσ + t (d†kyσckσ + HC)]. (1)
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εk andε′ky are energy dispersions, andckσ, dkσ are annihilation operators for electrons in the
plane and the chain respectively. The interband termt is known to be small (t ≈ 50 meV)
[13]; it introduces interband interaction and is assumed momentum independent. This
implies that in the YBCO system, an electron is never in a true eigenstate of either the
planes or the chains; it has components in both of the bands. In order to fit our band
structure with a realistic one obtained from the ARPES data [1, 4] for the YBCO system,
we take five nearest-neighbour hopping parameters in the plane and two nearest neighbours
in the chain, in the same spirit as in the work of Fehrenbacher and Norman [14], where a six-
parameter fit is used for the ARPES data for the Bi-2212 system. The FS thus obtained and
shown in figure 1 consists of two sheets: a nearly non-dispersive one-dimensional band and
a typical two-dimensional band, nearly non-dispersive along the two symmetry directions.
The Fermi surface very closely resembles the observed FS [4] including the position of the
van Hove singularity (figure 2) (about 10 meV away from the FS [15]) seen in YBa2Cu3O7,
with the following choice of the parameters:{t1, . . . , t5} = {300, 100, 25, 25, 20} meV and
{h1, h2} = {530, 135} meV.

The quadratic part of the HamiltonianH0 can be diagonalized by the introduction of
quasiparticle operatorsαk andβk defined by

(
ckσ
dkσ

)
=


t√

t2+ (ε+ − ε)2
ε− − ε′√

t2+ (ε− − ε′)2
ε+ − ε√

t2+ (ε+ − ε)2
t√

t2+ (ε− − ε′)2

(αkσβkσ
)
. (2)

Figure 2. The DOS (in arbitrary units) for non-interacting quasiparticles is shown. The vHS
is around 10 meV below the Fermi energy. The inset shows the partial DOS, where the dotted
(solid) line corresponds to theε−-band (ε+-band).
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The quasiparticlesα†kσ (β
†
kσ) ‘live’ on the upper (lower) sheets of the FS given by

ε+ = 0 (ε− = 0), where

ε± = 1

2
(ε + ε′)±

√
(ε − ε′)2+ 4t2

denote the dispersions of the two quasiparticle bands. Figure 1 shows the corresponding
FS and figure 2 shows the partial and total density of states (DOS) with the van Hove
singularities (vHS) predominantly located about 10 meV below the FS [15].

Superconductivity occurs through the interaction part of the Hamiltonian [11]:

HI = −g
∑
kk′
c
†
k′↑c

†
−k′↓c−k′↓ck↑ − g′

∑
kk′
d
†
k′↑d

†
−k′↓d−k′↓dk↑

+ K
(∑
kk′
d
†
kp↑d

†
−k′↓c−k′↓ck↑ + HC

)
(3)

whereg andg′ are the pairing interactions (non-retarded) in the plane and chain respectively;
K is the pairing interaction between the plane and chain electrons and is assumed repulsive.
Interband coupling leads to the well known anticrossing feature in the band structure [13, 15]
whenever two bands intersect. Consequently, the regions on the Fermi surface with pure
plane or chain eigenstates are distinct and interband pairing is suppressed. It is this repulsive
interaction that forces the quasiparticles in planes and chains away in real space, requiring∑

k

〈ckσ d−k−σ 〉 ' 0

which is a condition which demands that the pairing wave-function has nearly equal regions
with positive and negative signs in the BZ. The origin of the intraband couplings could be
phononic or electronic—it will not change the qualitative features of the results that follow,
except that for phonon-mediated interaction we would have another energy scale: the cut-off
frequency [11].

Application of a simple BCS mean-field theory followed by a transformation to the
quasiparticle operators leads to a diagonalized mean-field Hamiltonian:

H
mf

I =
∑
k

1kα
†
k↑α

†
−k↓ +

∑
k

1′kβ
†
k↑β

†
−k↓ + HC+ constant.

Here,

1k = 1t2+1′(ε+ − ε)2
(ε+ − ε)2+ t2 1′k =

1′t2+1(ε+ − ε)2
(ε+ − ε)2+ t2

where

1 = −g
∑
k

〈c−k↓ck↑〉 +K
∑
k

〈d−k↓dk↑〉

and

1′ = K
∑
k

〈c−k↓ck↑〉 + g′
∑
k

〈d−k↓dk↑〉.

The two bands are completely decoupled now leading to the identification of1 and1′

as the gap functions in the plane and the chain respectively. On the FS,εε′ = t2 and one
has a single order parameter:

1k = 1′k =
1′ε +1ε′
ε + ε′ .
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Sinceε, ε′ have the same sign on the FS, the only way that1k can be made to change
sign (and consequently have a node) along the FS is to have1 and1′ out of phase. This,
of course, is ensured by the repulsive interactionK between the two bands; an attractive
interband interaction would lead to the usual nodeless two-band superconductivity [11] with
a modified density of states.

Figure 3. The self-consistent gap functions1,1′ are plotted against temperature. The
six different plots with increasing magnitudes of1 are for x = 0.5, 0.6, 0.7, 0.8, 0.9, 0.99
respectively. Note that11′ < 0 for all of them.

The full HamiltonianH0 + Hmf

I is diagonalized by using the Nambu representation
ψ
†
k = (c†k↑c−k↓d†k↑d−k↓) and writing the mean-field Hamiltonian asψ†kMψk, and the four

eigenvalues are obtained from

2E±k
2 = η + η′ ±

√
(η − η′)2+ 4(τ 2+ δ2)

where

η = ε2+12+ t2 η′ = ε′2+1′2+ t2
τ = t (ε + ε′) δ = t (1−1′).

The gap equations are solved numerically and the two gap functions have the usual square
root dependence on temperature, but opposite signs (figure 3). This change of sign of the
gap function on the same sheet of the FS has an important bearing on the physics of the
model. The spectraE±k along different symmetry directions in the square Brillouin zone are
plotted in figure 4(a), and show the anisotropy and the existence of a node in the gap. The
corresponding DOS reflects the gapless behaviour (figure 4(b)) seen in tunnelling spectra
as well. At low energies the DOS is linear in energy, as seen in various experiments—the
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(a)

(b)

Figure 4. (a) The variation of the energy dispersionE+k (E−k ) along different symmetry
directions of the first Brillouin zone (inset) of a square lattice is shown. In (b) the corresponding
superconducting DOS (in arbitrary units) is plotted for low energies.

magnetic field dependence of the specific heat, the London penetration depth, tunnelling
and a host of transport and thermodynamic properties.

The FS has contributions from the chain and plane bands and as we move along any
one of the sheets of the FS the OP changes from1 to1′ (or vice versa), and hence changes
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Figure 5. The figure shows how the mean-fieldTc behaves with changes in the interaction
parameters. (a) 0, 1, 2 and 3 are for the sets{g′,K, t} = {140, 125, 50}, {100, 125, 50}, {140,
150, 50} and{140, 125, 15} respectively. (b) 0, 1, 2 and 3 are for the sets{g,K, t} = {225, 125,
50}, {275, 125, 50}, {225, 150, 50} and{225, 125, 15} respectively. (c) 0, 1, 2 and 3 are for the
sets{g, g′, t} = {225, 140, 50}, {225, 100, 50}, {275, 140, 50} and{225, 140, 15} respectively.
(d) 0, 1, 2 and 3 are for the sets{g, g′,K} = {225, 140, 125}, {250, 140, 125}, {225, 100, 125}
and{225, 140, 150} respectively. The usual BCS-like variation ofTc with g andg′ is observed
in (a) and (b). The band interaction parametersK and t , however, affectTc quite differently.

sign. This can be seen from an expansion of the mean-field free energy close toTc to second
order in1 and1′:

F = a|1|2+ b|1′|2+ 4c(11′∗ + HC) (4)

with

a = g′

gg′ −K2
− u− v − w

b = g

gg′ −K2
− u− v + w (5)

c = K

gg′ −K2
+ va

where

u = 1

4

∑
k

[
tanhβE+(0, 0)

E+(0, 0)
+ tanhβE−(0, 0)

E−(0, 0)

]
(6)

v = 1

2

∑
k

t2√
(ε2− ε′2)2+ 4t2(ε + ε′)2

[
tanhβE+(0, 0)

E+(0, 0)
− tanhβE−(0, 0)

E−(0, 0)

]
(7)
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and

w = 1

4

∑
k

ε2− ε′2√
(ε2− ε′2)2+ 4t2(ε + ε′)2

[
tanhβE+(0, 0)

E+(0, 0)
− tanhβE−(0, 0)

E−(0, 0)

]
. (8)

As c 6= 0, there is a single transition temperature—1 and1′ vanish simultaneously
from opposite sides (figure 3);v is evidently positive and the optimal value of the repulsive
interactionK always satisfiesK2 < gg′, soc > 0 (equality holds fort = K = 0). The free
energy is then minimized with1 and1′ having opposite signs. This, of course, ensures
that there is a node on the FS and that there is a single transition temperature and a single
specific heat anomaly [2].

The positions of the nodes on the FS are shown in figure 1 for optimal values ofg, g′

and K (that fit Tc; see the discussion below). The nodes are very close to the(π, π)

direction as seen experimentally for YBa2Cu3O7, a feature ascribed generally to the d-wave
OP. The node positions obtained here are not very sensitive to the dopingx (see the inset
of figure 1) varying within±10◦ about 45◦. Although there are no experimental data to
compare it with at present, this insensitivity remains a testable prediction of this model.
For a d-wave OP, the node is completely insensitive to doping—fixed along the diagonal
by symmetry.

The behaviours ofTc as a function of the interaction parametersg, g′ andK and the
interband hopping strengtht are shown serially in the figures 5(a)–5(d). The variations of
Tc with g and g′ show the usual BCS behaviour. Interesting variations are observed in
the dependence ofTc on K and t . As the two gap parameters1 and1′ have opposite
signs, andt induces band mixing,Tc reduces quite dramatically witht . Conversely,K
works counter to this, and pushesTc higher, resulting in a minimum (that moves towards
lower temperature ast is brought down from 50 to 15 meV) followed by the usual rise, as
expected in a two-band model for superconductivity [11].

To obtain the superconducting transition temperatureTc as a function of the dopingx in
YBa2Cu3O6+x we have used as fitting parametersg, g′ andK, while the band parameters
have already been fixed to fit the ARPES data as discussed earlier. We chose values of
these parameters such thatg, g′ andK are within reasonable limits, givingTc at x = 1
around 100 K (figure 6). We have chosen a slightly higher value (100 K compared to
the experimental value,'90 K) to account for the fluctuations that are present in these
systems owing to their intrinsic low dimensionality. The optimal values ofg, g′ andK,
thus fixed, turned out to be 225, 140 and 125 meV, witht = 50 meV fixed earlier.Tc is
maximum atx = 1 where the Fermi level is closest to the vHS (figure 2). As the filling
changes (controlled by the chemical potentialsµp andµc), the DOS at the Fermi level drops
drastically and then moves over a plateau. TheTc versusx curve (shown in figure 6) follows
this pattern: the resemblance with the experimental curve for YBa2Cu3O6+x is noticeable.

We estimate the effects of fluctuation on the transition temperature following a method
used earlier [16]. The method uses an elegant technique developed to calculate the superfluid
density in the Hubbard model [17, 18]. The model studied here has a two-dimensional band
coupled to a one-dimensional one. The coupling to the one-dimensional band introduces
a 1/N effect and is negligible [19]. The relevant transition temperature is the Kosterlitz–
Thouless (KT) temperature (TKT). So TKT serves as an upper limit and we neglect the
one-dimensional couplings.

The superfluid density is calculated by minimally coupling a transverse vector potential
(in a gaugeAy = 0) to the electrons by means of the usual Peierls phase factor. In the
linear response, the current operator can be obtained by differentiatingH0 with respect to
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Figure 6. The plot shows the behaviour ofTc with doping concentration. The plateau around
x = 0.8 and the maximum value ofTc appearing forx ≈ 1.0 (because of the presence of vHS
there). The inset shows the normalized superfluid density and gap function plotted as a function
of temperature.ρ0 is the superfluid density atT = 0. The KT transition temperature is shown
by the arrow.

Ax :

jx(ri) = −c ∂H0

∂Ax(ri)
= jparax + jdiax . (9)

The first term (jparax ) is the paramagnetic contribution to the current, coming from the
quasiparticle excitations above the condensate, and is of zeroth order in the vector potential.
The term linear inAx gives the diamagnetic current response, representing the screening of
the Meissner condensate. The diamagnetic part is easily calculated to give

jdiax = −(ea/h̄)2
1

Nc

∑
〈n̂k,σ 〉∂

2εk

∂k2
x

Ax(q). (10)

The diamagnetic superfluid density is thus proportional to the average electronic kinetic
energy in thex-direction [17]. Only in the case of a parabolic DOS will it become
proportional to the usual average electronic density.

The paramagnetic part of the current can be found using linear response theory, and in
the long-wavelength, static limit

jparax = −c−1

[
lim
q→0

lim
ω→0

3xx(q, ω)

]
Ax(q) (11)

where

i3xx(q, ω) =
∫

dt θ(t) exp(iωt)〈[jparax (q, t), jparax (−q, 0)]〉. (12)
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The correlation function above is easily calculated for the model in hand, with averages
calculated in the mean-field ground state:

ρs(T ) = (2Na2)−1
∑
k

[
f ′(Ek)

(
∂εk

∂kx

)2

+ 1

2
g(k)

∂2εk

∂k2
x

]
(13)

where

g(k) = 1− εk − εF
Ek

tanh
Ek

2KT
.

The normalized superfluid densityρs(T )/ρs(0) is plotted in the inset in figure 6 against
temperature. It has the usual shape and vanishes at the mean-field transition temperature as
expected. The KT transition temperatureTKT is characterized by a discontinuous jump in
ρs , and this temperature is obtained from the well known relation

π

2
ρs(T ) = KBT

at T = TKT. Note that even though the jump inρs is obtained only when we include the
renormalization (due to the vortex-like fluctuation) of the order parameters, the procedure
used here is known to give a good estimate ofTKT [18]. We have chosen to work in a
particular gauge and, in order to make the calculations gauge invariant, it is necessary to
consider vertex corrections.

The intersection of the straight line withρs (see the inset in figure 6) gives the value
of the transition temperature, and a reduction from the mean-field value by about five per
cent is noticed. The optimal values of the parametersK, g, g′ above have been chosen in
such a way that this reduction is accounted for and the reducedTc turns out to be around
90 K at x = 1, as is the case for YBCO.

3. Conclusions

The two order parameters in our model are not related by any symmetry; they have different
signs. Thec-axis Josephson current, therefore, does not cancel out completely as in a d-
wave superconductor, although partial cancellation occurs due to the opposite signs of
1 and 1′, resulting in a small (compared to that for an s-wave OP) but finite current
[9, 20]. The node on the FS is close to the(π, π) direction, and not very sensitive to
doping. Recent microwave measurements on very high-quality YBCO single crystals [21]
are consistent with a multicomponent order parameter, though it is not yet clear whether
this involves multiple transition temperatures. The OP in thea-direction (b-direction) is
mainly chain-like (plane-like) and provides a natural explanation for the observed phase
change, ofπ , in SQUID experiments. An s-wave superconductor is weakly influenced by
impurities (the Anderson theorem), while in a d-wave superconductor, scattering between
lobes of different signs on the FS has a drastic effect. This averaging out of the sign and
the consequent sensitivity ofTc to non-magnetic impurities will arise in the present model
as well, albeit at a much lower rate than in the d-wave case. The sign of the OP changes
in the present model only as a result of scattering from planes to chains—involving strong,
large-momentum scattering processes only. The sensitivity ofTc to non-magnetic impurity
will, therefore, be intermediate between that of an s-wave superconductor and that of a
d-wave superconductor here [20], a feature seen in the high-Tc materials [2, 9]. Leading-
order two-dimensional fluctuations do not seem to alter the phase diagram very much, just
pushing the critical line down by a few degrees. At low energies the SDOS is linear in
energy. This feature, along with the presence of nodes, ensures that the thermodynamic
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properties are non-activated, and they show a power-law dependence on temperature, as
seen in various experiments including ones that investigate the magnetic field dependence
of the specific heat, the London penetration depth, tunnelling and other thermodynamic and
transport properties. The London penetration depth turns out to be anisotropic, a feature
easily derived from the anisotropy ofEk in the Brillouin zone (figure 4(b)).

The conclusions of the present model are not very sensitive to whether we work with
a chain and a plane, two or more planes (or chains), or a combination of these. This is a
simple model that incorporates the effect of more than one OP residing on different coupled
bands. We have shown that, with the correct choice of the phases of the different OP,
this model can capture many of the unusual features of the symmetry of the OP in these
systems. Even in the case of monolayer systems, there remains the possibility of coupled
bands, and hence different OPs residing on different bands. Note that, unlike the model of
Yakovenko [22], the present model gives rise to a situation where the OP changes sign on
both of the sheets of the FSas one moves along the FS. It would be nice to see experimental
results on the position of the node(s) on the FS with doping. The node position is dictated
by symmetry in the d-wave case, independently of the shape of the FS, while in any of
the s-wave models, it changes with the doping. As shown here, even a simple model that
incorporates multiple, coupled order parameters can capture a lot of unusual experimental
signatures regarding the symmetry of the OP for the high-Tc cuprates. Any conclusions,
based on any model, that seem to ‘explain’ part of the story, are therefore going to be
premature: a lot of work, both experimental and theoretical, needs to be done before any
firm consensus emerges.
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